ABSTRACT: Rigid plastic finite element method employing the rigid plastic constitutive equation, which considers non-linear shear strength properties against confining pressure, is used for the assessment of ultimate bearing capacity of footing on sandy soils against the combined load of vertical, horizontal and moment loads. The numerical results were compared with the results predicted by semi-empirical bearing capacity formulate of Architectural Institute of Japan and others. The comparison is conducted in terms of vertical and horizontal loads plane and vertical and moment loads plane. The limit load is expressed in normalization form by the limit vertical load, Vo. Results show that the normalized vertical load decreases with the increase in the normalized horizontal load and/or moment load. Effect of non-linear shear strength on the normalized limit load space in vertical, horizontal and moment loads is clearly indicated. The normalized horizontal load is obtained greater than that of linear shear strength property.
INTRODUCTION
The ultimate bearing capacity of footing related to inclined loads is an important aspect in geotechnical engineering. Because the number of superstructure buildings has increased and great earthquakes occur regularly, estimating the ultimate bearing capacity of footing with considering the effect of footing width is necessary. The strip footings are often subjected to the inclined loads and the combined loads. The ultimate bearing capacity for combined vertical and horizontal loads (with no moments) is resolved by Green (1954) . The general case of vertical, horizontal and moment loads has received less attention. Several authors (notably Meyerhof (1953) , Hansen (1970) and Vesic (1975) ) provide procedures for a general case; however they only conduct empirical generalizations of the simpler cases without examining in detail. In previous geotechnical research, the combined vertical and horizontal load is referred as the inclined loads. Their results showed that the vertical bearing capacity significantly decreased when the inclined angle θ = atan(H/V) increased.
By using the ultimate bearing capacity factors Νc , Νq (Prandtl), and Νγ (Meyerhof) , the Architectural Institute of Japan (AIJ, 1988 (AIJ, , 2001 ) developed an ultimate bearing capacity formula which considers the size effect factor and now is widely used in Japan. It was developed by semi-experiments. The ultimate bearing capacity formula is expressed as follows: (1) where c: cohesion, γ: unit weight of soil, Df: depth of embedment, B: footing width; Nc, Nq, Nγ: bearing capacity factors; ic, iq, iγ: inclination factors, α and β express the shape coefficient and α = 1 and β = 0.5 are recommended by De Beer (1970), respectively; qu is ultimate vertical bearing capacity per unit area of footing (kN/m 2 ). η : the size effect factor is defined as:
where, B0: reference value in footing width m: coefficient determined from the experiment (m = -1/3 is recommended in practice). Meyerhof (1956) introduced 'inclination factor iγ' that is defined as follows:
where φ : internal friction angle, H and V:
horizontal and vertical of the load applied on the footing, Vo: vertical ultimate load. Inclination factor has been estimated by FE analysis. But, there are few analyses for sandy soils except Loukidis et al. (2008) . However, the effect of footing width on ultimate bearing capacity is not considered directly. As shown in Eqs. (1) and (2), the size effect of footing is large in case of sandy soil. It can be seen in the combined load space of vertical, horizontal and moment loads. This is a major topic of this study. Recently, the numerical methods are efficient techniques for solving problems related to geotechnical engineering. The rigid-plastic finite element method (RPFEM) was applied in geotechnical engineering by Tamura (1991) . In this process, the limit load is calculated without the assumption about the potential failure mode. The method is effective in calculating the ultimate bearing capacity of footing against the threedimensional boundary value problems. Although RPFEM was originally developed based on the upper bound theorem in plasticity, Tamura proved that it could be derived directly by using the rigid plastic constitutive equation. This paper investigated the ultimate bearing capacity of footing on sandy soils against the combined load of vertical, horizontal and moment loads. This research applied rigid plastic finite element method which employs the rigid plastic constitutive equation in which non-linear shear strength properties against confining pressure is inlcuded. The vertical load V, horizontal load H and moment M, which were applied at the center of the footing, were subjects in this study. 
where λ: the plastic multiplier, and e  : the norm of strain rate. I and s express the unit and the deviatoric stress tensors. The strain rate ε  , which is purely plastic component, should satisfy the volumetric constraint condition which is derived by Eq. (5) as follows:
Each strain rate, which is compatible with Drucker-Prager's yield criterion, must satisfy the kinematical constraint conditions of Eq. (6). η is a coefficient determined by Eq. (6) which is on the dilation characteristics. The rigid plastic constitutive equation is expressed by Lagragian method after Tamura (1991) as follows:
The first term expresses the stress component uniquely determined for the yield function, and the second term expresses the indeterminate stress component, defined to be parallel to one of the generators of the cylindrical cone of the yield surface. The indeterminate stress parameter β still remains unknown until the boundary value problem with Eq. (6) is solved. In this study, the constrain condition on strain rate is introduced into the constitutive equation directly with the use of penalty method:
where, κ is a penalty constant. This technique makes the computation more stable and faster. In rigid plastic finite element method (RPFEM), the occurrence of zero energy modes has been pointed out and some numerical techniques to avoid it have been introduced into FEM. However, zero energy modes have not been observed in computation with the rigid plastic constitutive equation using the Penalty method. The high order hyperbolic function is introduced to the yield function of sandy soils as follows: 
The authors successfully proposed a rigid plastic equation using non-linear shear strength property against confining stress to RPFEM to assess the ultimate bearing capacity for the vertical load cases of rigid flat footing (Du N. L. et al. (2013)). The results of RPFEM were obtained similarly to the ultimate bearing capacity formula by Architectural Institute of Japan (AIJ, 1988 (AIJ, , 2001 ), which take into account the size effect of footing.
ULTIMATE BEARING CAPACITY OF FOOTING UNDER COMBINED LOADS

Ultimate bearing capacity for combined vertical and horizontal loads
The rigid plastic finite element method was used to assess the ultimate bearing capacity of strip footings of which the width varied from 1m to 100m, subjected to the inclined load at an inclination angle θ with respect to the vertical. The boundary conditions and typical mesh for analysis are shown in Fig. 2 . For inclined load, the application of RPFEM is limited to the case where the contact pressure between footing and ground is positive. In other words, the ratio H/V is set comparatively in small range. Further detailed discussion will not conducted in this study. It is explained that this case influences the internal friction angle responding to the confining stress. It means that the effect of moment load in non-linear case is clearer than that in linear shear strength property. Fig. 8 shows examples of the deformation mechanism from evaluates at the collapse. The larger the combination loads, the smaller the limit load. The results from analysis computation also show that the failure mechanism is asymmetrical and confined to one side of the footing. 
CONCLUSION
In this study, the limit load in ultimate bearing capacity is expressed in normalization form. The ultimate bearing capacity of footing that is subjected to the inclined loads and the combined loads of strip footing has been investigated in this study. The obtained conclusions can be summarized as follows:
(1) The non-linear shear strength model for sandy soil is employed in RPFEM to evaluate the size effect of footing on ultimate bearing capacity. Through the case studies the applicability of the method was clearly exhibited.
(2) Ultimate load space in normalized vertical and horizontal loads was shown to match with that by Loukidis et al. (2008) and be greater than those by Meyerhof (1956) and AIJ (1988 AIJ ( , 2001 ) in case of linear shear strength. On the contrary, it is obtained greater than that by Loukidis et al. in case of non-linear shear strength. It is understood by the following reasons: (i) The internal friction angle decreases by confining pressure and the decrease is the most for the case of vertical loading.
(ii) In inclined loading, the decrease in internal friction angle becomes smaller since the ultimate vertical load decreases with the increase in inclination angle. Thus, the computed results can be obtained.
(3) The combination of vertical, horizontal and moment loads is considered to evaluate the stability of buildings during earthquake. The effect of moment load on ultimate bearing capacity is investigated through case studies.
